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We perform a Hamiltonian analysis and prove that a large class of scalar-tensor theories whose
Lagrangian is given by a generic function F
(
Kab, N,Rab,∇a, h
ab, t
)
is free from the Ostrogradsky
ghost, and thus these theories contain at most 3 degrees of freedom at classical level.
PACS numbers:
Introduction Searching for self-consistent gravitation
theories beyond general relativity is well motivated by
both of theoretical and experimental aspects. Experi-
mentally, we do not know gravity’s properties and be-
haviour at the microscopic scale and cosmological scale.
Theoretically, a unified quantum mechanical theory of
gravitation has never been achieved. At high energy
scales, graviton loop diagrams diverge due to the neg-
ative dimension of gravitational coupling constant. In
Horava-Lifshitz gravity [1], an improved UV behaviour
of the graviton propagator is obtained by assuming an
anisotropic scaling between space and time. The theory
is constructed on a hyper-surface with temporal differ-
morphism invariance partially broken. The theory is es-
sentially a scalar-tensor theory if we recover the general
covariance.
At another extreme scale, the dark energy, or cosmo-
logical constant problem, is a longstanding problem in
theoretical physics, and has been taken more and more
seriously since the discovery of the accelerated expan-
sion of our universe. One promising approach to the late
time cosmic acceleration enigma is to introduce new de-
grees of freedom to the gravitational field. These new
degrees of freedom might speed up the universe. There
are several interesting theories of this kind in the lit-
erature, for instance quintessence[2][3], k-essence[4] and
ghost condensate[5].
In the physics of very early universe, it is believed
that our universe underwent an exponential expansion
phase which we call inflation. Conventionally, inflation
is driven by the vacuum energy stored in a scalar field
slowly rolling on the flat potential. Inflation thus pro-
vides a natural platform for the extension of general rel-
ativity since it is equivalent to a scalar-tensor theory. A
unified framework describing the low energy properties
of scalar and tensor degrees is given in the language of
effective field theory in Ref. [6].
However, with higher derivatives included, the the-
ory generally suffers from Ostrogradsky ghost instability
[7][8]. It is therefore intriguing to ask for the most general
scalar-tensor theory which is free from the Ostrogradsky
ghost. The attempts in this direction can be traced back
to Horndeski’s work in 1974 [9] and it was rediscovered
recently in the context of the so-called Galileon theory
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[10–12]. It turns out that Horndeski’s theory isn’t the
most general scalar-tensor theory with only three degrees
of freedom. Recently, several examples beyond Horndeski
theory have been spotted in the literatures which are free
from the Ostrogradsky ghost [14–20].
In this letter, we provide a more general framework to
prove a ghost freeness theorem. We work in the 3 + 1
formalism and write down all possible geometrical quan-
tities projected on the constant time hyper-surface. This
is a large class of theories. By means of Dirac’s Hamil-
tonian analysis method [21–23], we prove that this large
class of theories is free from the Ostrogradsky ghost and
thus only contains at most three degrees of freedom.
Hamiltonian Analysis In our scalar-tensor theory,
the temporal diffeomorphism invariance is spontaneously
broken due to the time-like vacuum expectation value
of the scalar field. We define the constant time hyper-
surfaceM, and all vectors and tensors constructed out of
the higher derivatives of scalar field in 3+ 1 dimensional
space-time are projected onto the constant time hyper-
surfaceM. The residual gauge symmetry on this hyper-
surface is xi → xi + ξi(t,x). In the unitary gauge, the
action is written in the following general form
S =
∫
dtd3x
√
hF
(
Kab, N,Rab,∇a, hab, t
)
, (1)
where Kab and Rab are extrinsic curvature and Ricci ten-
sor of the 3 dimensional hyper-surface respectively, ∇a
is the covariant derivative compatible with the induced
metric hab (we will use ∇aO and O|a interchangeably if
no confusion is caused). All terms in the theory must be
contracted to a scalar via the induced metric hab. We
will consider a general scalar function F and, since we
are interested in physical models, we shall assume that
any appropriate smoothness conditions are satisfied.
In what follows, we are not going to specify the detailed
form of the function F , and try to prove a no-ghost the-
orem in the unified framework. Nevertheless, some obvi-
ously non-dynamical Lagrangians, i.e. the ones without
the terms non-linear in extrinsic curvatureKab, should be
excluded from the outset. Noted that we have operator
∇a included in the action, it implies that this theory in-
cludes higher than second derivatives on the scalar field.
It seems very difficult to work out the Hamiltonian in
terms of a local function. To proceed with the Hamil-
tonian analysis by means of Dirac’s method, we have to
introduce an auxiliary tensor field Qab, and the equiva-
2lent theory is written as
S =
∫
dtd3x
√
h
[
F
(
Qab, N,Rab,∇a, hab, t
)
+Nυab (Qab −Kab)
]
. (2)
The last term in the above equation is a constraint. After
solving this constraint, we recover our original theory eq.
(1). The conjugate momenta are calculated as
piab =
∂L
∂h˙ab
= −1
2
√
hυab, piN =
∂L
∂N˙
= 0,
pii =
∂L
∂N˙ i
= 0, P ab =
∂L
∂Q˙ab
= 0,
Uab =
∂L
∂υ˙ab
= 0. (3)
The Hamiltonian reads
H =
∫
d3x
[
piabh˙ab − L+ λNpiN + λipii + χabP ab
+ϕabUab + λabΨ
ab
]
=
∫
d3x
[H+N iHi + λNpiN + λipii + χabP ab
+ϕabUab + λabΨ
ab
]
, (4)
where
H = −
√
h
[
F
(
Qab, N,Rab,∇a, hab, t
)
+NυabQab
]
,
Hi =
√
h∇jυji,
Ψ ≡ piab + 1
2
√
hυab, (5)
and we have used piab = − 1
2
√
hυab in the eq. (3) to
eliminate velocity h˙ab in the Hamiltonian. There are five
primary constraints
piN ≈ 0, pii ≈ 0, P ab ≈ 0,
Uab ≈ 0, Ψab ≈ 0. (6)
To be consistent, these five primary constraints must be
independent of time. The consistency conditions give us
three secondary constraints,
dpiN
dt
= {piN , H} ≈
√
h
(
∂F
∂N
+ υabQab
)
≡ C ≈ 0,
dpii
dt
= {pii, H} = −Hi = −
√
h∇jυji ≈ 0,
dP ab
dt
= {P ab, H} ≈
√
h
(
∂F
∂Qab
+Nυab
)
≡ Φab ≈ 0, (7)
where {...} denotes the Poisson bracket. To avoid the
possible confusion, the partial differentiation should be
understood in terms of integral form
∂F
∂q
≡
∫
∂F
∂q
,
∂2F
∂q1∂q2
≡
∫
∂
∂q2
∫
∂F
∂q1
. (8)
The algebra closes here because the consistency con-
ditions for the rest of two primary constraints Uab ≈
0, Ψab ≈ 0 and three new secondary constraints in eq.
(7) only fix the coefficients in front of them. Let us col-
lect all of primary and secondary constraints in the total
Hamiltonian and treat all of them on the same footing,
Htot =
∫
d3x
[H+N iHi + λNpiN + λipii + χabP ab
+ϕabUab + λabΨ
ab + φabΦ
ab + λcC
]
.(9)
In passing, we note that if the symmetry of our theory is
enhanced, i.e. invariant under all space-time diffeomor-
phisms xµ → xµ+ξµ(t,x), the constraints C ≈ 0, piN ≈ 0
are first class, and Hamiltonian constraint C ≈ 0 plays
the role of temporal coordinate transformation genera-
tor. This is the theory of Einstein gravity according to
Lovelock theorem [24, 25]. In our current work, we are
not going to consider the case with enhanced symmetry.
It is easy to check that pii ≈ 0 is first class and it
eliminates the conjugate canonical pair
(
N i, pii
)
. On the
other hand, we have C ≈ 0, piN ≈ 0,Φab ≈ 0, P ab ≈
0,Ψab ≈ 0 and Uab ≈ 0 which are all second class, elim-
inating the canonical variable pairs (N, piN ),
(
Qab, P
ab
)
and
(
υab, Uab
)
respectively. The only conjugate canonical
pair which remains as would-be dynamical degrees is the(
hab, pi
ab
)
. The number of dynamical degrees of freedom
crucially depends on the property of three momentum
constraints Hi ≈ 0. We have checked that their Pois-
son brackets with constraints C ≈ 0,Φab ≈ 0,Ψab ≈ 0
and Uab ≈ 0 do not vanish weakly. But the extended
momentum constraints
H¯E[N i] ≡
∫
N iHi + 2Ni|jΨij +AijP ij +BijUij + CpiN
≈ 0 (10)
could be first class, given the proper coefficients
Aij , B
ij , and C. We can check that all of the following
Poisson brackets weakly vanish,
{H¯E[N i], H¯E [f i]} ≈ 0, {H¯E [N i], P¯ [χab]} ≈ 0,
{H¯E[N i], U¯ [ϕab]} ≈ 0, {H¯E [N i], p¯iN [λN ]} ≈ 0,
{H¯E[N i], p¯ii[λi]} ≈ 0, (11)
where O¯[λ] ≡ ∫ d3xλO with all indices omitted. There
are only three non-vanishing Poisson brackets
3{H¯E [N i], Φ¯[φab]} ≈ −
∫ √
h
[
2Ni|j
∂2F
∂Qab∂hij
+
∂2F
∂Qab∂Qij
Aij +NB
ab + C
(
∂2F
∂N∂Qab
+ υab
)]
φab, (12)
{H¯E [N i], Ψ¯[λab]} ≈ −1
2
∫ √
h
[
−Naυij|a + υaiN j|a + υajN i|a +Bij
]
λij , (13)
{H¯E [N i], C¯[λc]} ≈ −
∫ √
h
[
2Ni|j
∂2F
∂N∂hij
+Aij
(
∂2F
∂N∂Qij
+ vij
)
+BijQij +
∂2F
∂N2
C
]
λc. (14)
We can always find the proper Aij , Bij and C so that
the Poisson brackets of eq. (12)(13) and (14) also vanish.
One may worry that the above equations are degenerate
in the case that Lagrangian is linear in the lapse N . How-
ever, the residual gauge symmetries on the hyper-surface
always enforce the third Poisson bracket to vanish weakly,
given the proper Aij and B
ij so that the first two Pois-
son brackets vanish weakly. Therefore, we come up with
a much easier method to compute Aij , B
ij and C. The
residual diffeomorphisms xi → xi + ξi(t,x) invariance
on the hyper-surfaceM implies that there must be three
first class momentum constraints playing the role of coor-
dinate transformation generators. The scalar and tensor
must transform accordingly,
{hab, H¯E [ξi]} = ξa|b + ξb|a, (15)
{Qab, H¯E [ξi]} = ξcQab|c + ξc|aQcb + ξc|bQca, (16)
{υab, H¯E [ξi]} = ξcυab|c − ξa|cυcb − ξb|cυca, (17)
{N, H¯E[ξi]} = ξi∇iN. (18)
The Aij , Bij and C can be worked out by solving
the above equations, and the extended momentum con-
straints read
HE,i = −2
√
h
(
pi
j
i√
h
)
|j
+Qab|iP
ab − 2 (P abQia)|b
+ υab|iUab + 2
(
υajUij
)
|a
+ piN∂iN. (19)
Given the extended momentum constraints of eq. (19),
their Poisson brackets with all constraints vanish trivially
and weakly due to the fact that we have constructed our
theory on the constant time hyper-surface M, and thus
the Hamiltonian as well as all constraints are manifestly
invariant under the coordinate transformations generated
by the extended momentum constraints. Explicitly, we
have
{Φ¯[φab], H¯E [ξi]}
≈
∫
∂Φ¯
∂hij
δξhij +
∂Φ¯
∂Qij
δξQij +
∂Φ¯
∂υij
δξυ
ij +
∂Φ¯
∂N
δξN
=
∫
δξΦ¯[φab] ≈ 0, (20)
where δξO denotes the variation of O under the dif-
fermorphisms xi → xi + ξi(t,x). Similarly, we have
{Ψ¯[λab], H¯E [ξi]} ≈
∫
δξΨ¯[λab] ≈ 0 and {C¯[λc], H¯E [ξi]} ≈∫
δξC¯[λc] ≈ 0.
Therefore, we have 3 extended momentum constraints
which are first class and they kill 6 degrees in the phase
space of conjugate pair
(
hab, pi
ab
)
. We conclude that
there are at most three dynamical degrees of freedom
in our theory. We have proved that a very large class
of theories beyond Horndeski is actually free from the
Ostrogradsky ghost.
Let’s end this section with several remarks. Firstly, we
note that our no-ghost theorem still holds if we include
the 3 dimensional covariant Levi-Civita tensor εabc as the
one of arguments of function F in our theory, at the cost
of the parity violation. The generalisation to this case is
trivial, and thus we are not going to provide a new proof.
Secondly, we have to reiterate that the number of de-
grees of freedom in our theory is at most three. The
phase space of conjugate pair
(
hab, pi
ab
)
is further di-
minished by one degree if piN ≈ 0 upgrade to first class
(even in the phase t→ t+ ξ0(t,x) symmetry is broken).
This is the case when the function F is linear in lapse N
and meanwhile free from mixed derivative term such as
∇K∇K. The theories with diminished phase space is be-
yond the scope of our current work, and will be discussed
in our future work [26].
Thirdly, our analysis does not include the free shift N i
in the action (except for those ones initially included in
Kij), because under the spatial diffeomorphisms x
i →
xi + ξi(t,x), the shift does not transform as a vector on
the hyper-surface M. The shift in the action generally
gives rise to additional degrees of freedom. Neverthless,
if the shift appears in the action in terms of the following
combinations [27]
rij ≡ 1
N
(
R˙ij −NkRij|k −RikNk|j −RikNk|j −RjkNk|i
)
,
Ai ≡ 1
N
(
a˙i −N jai|j −N j|iaj
)
, (21)
where ai ≡ ∂i lnN , the residual diffeomorphisms invari-
ance xi → xi + ξi(t,x) is still preserved and thus the ex-
tended momentum constraints, with more counter terms
included probably, are still first class. However, after do-
ing some simple maths, we find that rij is equivalent to
the terms of covariant derivatives of lapse N and extrin-
sic curvature Kab, i.e. ∇..∇.. (NK ..), and thus it does
not give us any new terms. On the other hand, if we
have Ai in the action, the conjugate pair (N, piN ) be-
comes dynamical, and we have two scalar degrees in the
theory. One of them is the Ostrogradsky ghost, and the
Hamiltonian is unbounded from below. The instability
4was perturbatively demonstrated in Ref. [27] in the con-
text of the extended theory of Horava-Lifshitz gravity.
Thus we should exclude the terms with Ai in our no-
ghost theorem.
Conclusion and Discussion In this letter, we per-
formed a Hamiltonian analysis by means of Dirac’s
approach for a large class of scalar-tensor theories
whose Lgrangian is given by a generic function of
F
(
Kab, N,Rab,∇a, hab, t
)
. We find three first class mo-
mentum constraints eliminating 6 degrees on the phase
space. They are the coordinate transformation genera-
tors on the constant time hyper-surface M. We have
carefully counted the number of degrees of freedom in
the theory, and we found that this class of theories con-
tains at most three degrees of freedom. We conclude that
this class of theories is free from the Ostrogradsky ghost.
With a large class of Ostrogradsky ghost free theories
at hand, it is tempting to ask how to alleviate or
even solve these open problems in modern physics of
gravitation, for instance, quantum gravity, the cosmo-
logical constant problem, the origin of hot big bang and
so on. We hope to come back to these issues in the future.
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